Two key reference loads: (i) the plastic collapse load and (ii) the elastic buckling load are commonly used to determine the slenderness and hence the resistance of structural steel elements in international design standards. Utilising numerical methods, the plastic collapse loads are typically obtained through a Materially Nonlinear Analysis (MNA) based on small displacement theory (i.e. a first order plastic analysis). However, such analyses can often yield ambiguous or even spurious results due to, for example, the load-deformation paths not reaching a peak value or reaching a peak value but only after unrealistically large deformations, resulting in misleading predictions of plastic collapse loads and mechanisms. In this paper, a standardised means of determining plastic collapse loads from numerical MNA based on attaining a tangent stiffness of 1% of the initial slope of the load-deformation curve is presented. Furthermore, for analyses that terminate prematurely, an extrapolation technique to predict the full load-deformation paths and hence estimate the plastic collapse load is proposed. The accuracy and practicality of the proposed approach over existing methods is illustrated for a wide range of structural scenarios, with an emphasis on structural elements under concentrated transverse forces.
Introduction
Structural design codes commonly employ design methods based on two key reference loads: (i) the plastic collapse load and (ii) the elastic buckling load, from which the element slenderness and hence the element resistance can be determined. This approach is often favoured over a full geometrically and materially nonlinear analysis with imperfections (GMNIA) for its simplicity and ease of application (e.g. identification of the most detrimental imperfection patterns is not required by the analyst) [1] . Both of these reference loads can be obtained either through simplified analytical expressions or numerical analyses. For structural elements under uniform loading and with regular geometry and boundary conditions, the former is suitable, while for those with complex non-uniform stress distributions, which may arise due to concentrated transverse loading, numerical analyses are necessary.
For the prediction of the plastic collapse loads of structural elements through numerical methods such as the finite element method, Materially Nonlinear Analyses (MNA) based on small displacement theory using an elastic perfectly-plastic material model (i.e. a first-order elasticplastic analysis without strain hardening) are typically adopted [2, 3] . The plastic collapse loads are assumed to be the load values where the load-deformation curves obtained from MNA become flat, while the elastic critical loads are typically determined through Linear Bifurcation Analyses (LBA). The determination of elastic buckling loads through LBA is generally straightforward. However, in many cases, the determination of plastic collapse loads from MNA is not straightforward since (i) the load-displacement paths obtained from MNA can continue to slowly rise and fail to become flat at the end of MNA or (ii) the analysis can terminate prematurely or (iii) the obtained load-deformation paths can flatten out only after unrealistically large deformations have been reached, with the result that the corresponding load does not reflect the nature of a realistic plastic collapse mechanism.
To obtain the plastic collapse loads in the cases where the load-displacement paths obtained from MNA is still rising at the end of MNA or where the analysis terminates prematurely, a graphical extrapolation technique utilising the load-deformation paths obtained prior to the end of MNA may be used. However, for cases where the load-deformation paths from the MNA flatten out only after unrealistically large deformations, a consistent criterion is necessary for the determination of the plastic collapse loads. For the purpose of determining plastic collapse loads from the MNA of structural elements on a consistent basis, different graphical techniques have been put forward in the literature. Holst et al. [4] and Doerich and Rotter [5] proposed the use of a modified version of the Southwell plot [6] , originally developed for the determination of elastic critical loads of steel elements by Horne and Merchant [7] , to estimate collapse loads from MNA. The graphs were referred to as Modified Southwell Plots (MS Plots). An alternative graphical technique, termed the Convergence Indicator Plot (CIP), was also proposed by Doerich and Rotter [5] , which utilises the plastic collapse load projections obtained from the MS Plot to estimate the collapse loads of steel elements. The higher accuracy of the CIP, relative to the MS Plot was illustrated using several examples. However, in these studies, only a limited number of cases, all of which exhibited load-deformation paths with progressively decreasing slopes and without any 'kinks' (which often arise in numerical analyses of steel elements undergoing consecutive localised plasticity in different regions) were considered. Application of the techniques to more problematic cases was not presented. Moreover, the proposed MS Plot and CIP techniques usually require a large number of plastic collapse load projections using a series of regression lines to make accurate estimations of plastic collapse load values. Though this process could be automated, anomalies may arise in some cases, requiring 'personal judgement' of the plots to estimate the plastic collapse loads. Thus, their practicality and consistency may, in some cases, be limited.
In this paper, different graphical techniques for the consistent determination of the plastic collapse loads of structural steel elements from MNA are investigated with an emphasis on elements under concentrated transverse loading. Finite element models of a large number of steel elements are created. Potential problems encountered in the determination of plastic collapse loads from load-deformation graphs are described and the aforementioned techniques proposed for the esti-mation of the plastic collapse loads are analysed. A new graphical technique based on a tangent stiffness degradation criteria, referred to as the tangent stiffness plot (TS Plot), is developed considering a large range of practical cases. Unlike the MS Plot and CIP techniques, the proposed TS Plot technique does not require a series of projections of the plastic collapse loads for the estimation of its value, leading to a more straightforward and rapid determination of plastic collapse loads from MNA. It is shown that the developed TS Plot is generally both more practical and more accurate than the aforementioned alternative graphical techniques.
Finite element model and material stress-strain response
Finite element (FE) models of a large range of steel elements subjected to different loading conditions were developed through the finite element analysis software Abaqus [8] and studied in this paper. Materially Nonlinear Analyses (MNA) based on small displacement theory were carried out on each of the models. In all the considered cases, a bi-linear elastic-perfectly plastic stress-strain relationship was utilised with the Young's modulus E = 200 GPa and Poisson's ratio ν = 0.3, neglecting strain hardening of the material. An elastic-perfectly plastic material model is invariably adopted in numerical MNA by analysts since the use of a rigid-plastic material model, as adopted in classical plastic theory, can lead to convergence problems when performing MNA using some finite element solution algorithms; this was also observed within the preliminary analyses performed at the onset of this study. Unless otherwise indicated, the yield stress was taken as f y = 400 MPa in all the considered cases. A four-node general purpose reduced integration shell element, referred to as S4R in the Abaqus [8] element library, was adopted in all the numerical simulations. A fine mesh density was used in all the finite element models, with an element size of 5 mm unless otherwise indicated. In line with [5] , the MNA were implemented through the modified Riks solver [9, 10] without consideration of any geometrical nonlinearities. The generated FE results are used throughout the following sections for the assessment of existing and proposed graphical techniques for the determination of plastic collapse loads from numerical MNA.
Potential problems with the determination of plastic collapse loads from MNA
In this section, the aforementioned problems with respect to the determination of plastic collapse loads from MNA are illustrated by considering the case of a steel plate subjected to transverse loading with a range of different loaded lengths. The geometry, boundary conditions and loading conditions of the analysed plate are shown in Fig. 1 , where s s is the loaded length, b and h are the width and depth of the plate, t p is the plate thickness and δ 0 is the imperfection value at the middle of the plate. Taking b = 900 mm, h = 300 mm, t p = 4 mm and δ 0 = 0.01 mm, different values were adopted for the loaded length s s . Curves of load P versus vertical displacement δ v at the middle of the loaded length s s obtained through MNA are illustrated in Fig. 2 . These plates, which are representative of many cases commonly encountered in structural engineering applications, are expected to undergo localised plasticity resulting from local plate bending, in contrast with perfect plates subjected to only membrane yielding. The load deformation curves for three loaded lengths (s s = 50 mm, 400 mm and 700 mm) are shown in Fig. 2 . All, after a very high number of increments and excessively high deformations reach the load value of P pl, f ull = 1440 kN, which is the theoretical plastic collapse load of a perfect plate (i.e. δ 0 = 0) that is fully loaded along the edges (i.e. s s = 900 mm). It should be noted though that for the shorter loaded lengths, the strains required in order to reach P pl, f ull are beyond those compatible with the small strain/displacement assumption of an MNA. Also, in all the cases, the corresponding collapse mechanisms feature yielding of excessive regions of the finite element models. Since (i) these types of mechanisms are not representative of the actual collapse mechanisms, (ii) the load-deformation paths of the plates with smaller loaded lengths still continue to rise with unrealistic values of deformations violating the small displacement/strain assumption of the MNA and (iii) reaching the upper-bound plastic collapse load value of the fully-loaded perfect plate (i.e. P pl, f ull = 1440 kN) regardless of the loaded length is nonsensical, a clear need for criteria to determine realistic estimates of plastic collapse loads from numerical analyses is highlighted. Similar observations were made by [4] . Addressing this point is the focus of the present paper. An additional potential problem encountered in the determination of plastic collapse loads from MNA is the premature termination of the analyses due to their failure to satisfy necessary convergence criteria, furnishing ultimate load values that may be significantly lower than the anticipated result. The use of finer mesh densities and alternative numerical solution algorithms may resolve such problems [11, 12] . However, in cases where the premature termination of the MNA cannot be resolved, extrapolation techniques utilising data obtained up to the point of termination are necessary. This study will also address the extrapolation of plastic collapse loads from prematurely terminating MNA.
Graphical techniques for estimation of plastic collapse loads from MNA
In this section, existing graphical techniques from the literature used for the estimation of plastic collapse loads from MNA are first described. Then, the tangent stiffness plot proposed in this study is introduced. In the following sections, the application of these approaches to the determination of plastic collapse loads from MNA of different structural steel elements is illustrated.
Existing techniques from the literature 4.1.1. Southwell Plot
Southwell [6] observed that in the region where the applied load P approaches to the Euler critical load P cr , the load-lateral deflection P−δ curve of an imperfect column can be approximated by a hyperbolic function that is asymptotic to the Euler critical load P cr . To obtain an estimate of the Euler critical load P cr from experimental data, Southwell proposed to plot the graph obtained by the division of the lateral deflection of the column at the mid-height δ by the applied load P (i.e. δ / P) against the lateral deflection δ, thereby transforming the hyperbolic part of the loaddisplacement curve into a linear form. Within the small displacement region, this relationship could be approximated by a straight line with a slope equal to the inverse of the critical load (i.e. 1/P cr ), hence providing an estimate of the elastic critical loads of steel elements P cr . Since the load-displacement paths obtained from MNA also tend to exhibit a hyperbolic form at the final stages of the loading, approaching plateau values equal to their plastic collapse loads P pl (see Fig.  3 (a) ), the graphical technique proposed by Southwell [6] may also be used for the determination of plastic collapse loads from MNA as shown in Fig. 3 (b) taking P as the applied load and δ as the displacement at the critical degree of freedom (DOF). The accuracy of this approach in determining the plastic collapse loads of steel elements through MNA will be assessed in this study.
Modified Southwell Plot (MS Plot)
The Modified Southwell Plot (MS Plot), originally developed by Horne and Merchant [7] to estimate elastic critical loads of structural elements, was utilised by Doerich and Rotter [5] and Holst et al. [4] for the determination of the plastic collapse loads from MNA. In the MS Plot, (i) the applied load P is plotted against the ratio P/δ, where δ is the displacement at the degree of freedom (DOF) deemed to be critical, (ii) a series of regression lines are drawn using three consecutive [2] ; (b) Southwell plot adapted from [3] P pl
(a) Load-displacement response
Fig. 1. (a)
Load-displacement curve of a column adapted from [2] ; (b) Southwell plot adapted from [3] P pl [8] and Convergence Indicator Plot [9] . [8] and Convergence Indicator Plot [9] . Figure 3 : Load-displacement response of a structural element from MNA and alternative graphical techniques for the estimation of its plastic collapse load values on the P-P/δ curve, (iii) the points where these regression lines intersect the vertical axis are taken as the projections of the plastic collapse load P MS ,i and (iv) the lowest value of these projections P MS ,i is taken as the plastic collapse load P pl of the steel element. The procedure outlined above is illustrated in Fig. 3 (c) , and was used by [4] and [5] to determine the plastic collapse loads of steel plates and shells. As can be seen from Fig. 3 (c) , the MS Plot has an initial vertical path, signifying the loading range within which the analysed element remains elastic; the slope then progressively decreases, manifesting the development and spread of plasticity. The MS Plot will be assessed in this paper for the estimation of the plastic collapse loads from MNA of elements under transverse loading.
Fig. XX9. Modified Southwell Plot
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Convergence Indicator Plot (CIP)
The Convergence Indicator Plot (CIP) was proposed by Doerich and Rotter [5] for the determination of plastic collapse loads utilising the projections of collapse loads from the MS Plot. As shown in Fig. 3 (d) , in the CIP, the vertical axis represents the plastic collapse load projections obtained from the MS plot P MS ,i for each increment using the final three consecutive data points, while the horizontal axis features the parameter ω which is equal to the difference between the plastic load projection of the MS Plot P MS ,i and the total applied load P i for each increment of the MNA, normalised by P i (i.e. ω = (P MS − P i )/P i ). When the projected plastic load from the MS plot P MS ,i converges to the total applied load P i at the end of an increment, ω converges to zero and the plastic collapse load P pl is obtained. The parameter ω, therefore, provides an indication of the proximity of the total applied load at the end of each increment to the plastic collapse load value projected through the MS Plot. However, since in many cases the applied load P i never reaches the plastic collapse load projection obtained from the MS Plot P MS ,i (i.e. ω 0), (i) a series of linear regression lines based on the least-squares estimation must be drawn for each load increment using all the data points in the CIP obtained prior to that increment, (ii) the projections of these lines on the load axis P CIP,i should be considered as the extrapolations of the plastic collapse loads and (iii) the final projection of the plastic collapse load utilising all the data points in the CIP P CIP, f inal is taken as the plastic collapse load of the analysed steel element. Doerich and Rotter [5] used the CIP for the prediction of the plastic collapse loads of steel elements, showing that the actual collapse loads can be accurately predicted provided small ω values can be achieved in the analyses. The high accuracy of the CIP relative to the MS Plot is also shown in these studies. Based on the URDFIL Fortran user subroutine [8] that can be used in the MNA of steel elements performed through the finite element analysis software Abaqus, Sadowski et al. [13] developed an automated procedure to identify the load increments that are of use in the MS Plot for meaningful projections of plastic collapse loads. The procedure of [13] automatically identifies the data points of the MS Plot that have deviated significantly from the initial vertical path (i.e. using P/δ values only after their coefficient of variation becomes larger than 10%), obtains the plastic collapse load projections of the MS Plot using these data points, employs the MS Plot projections to plot the CIP and creates a series of regression lines for the projections of plastic collapse loads using the data points within the CIP. The procedure ends when the differences between the two adjacent normalised CIP plastic collapse load projections is less than 0.01%, i.e. (P CIP,i − P CIP,i−1 )/P CIP,i−1 = 0.01%, taking the last CIP plastic collapse load prediction as the plastic collapse load of the investigated element.
Tangent Stiffness Plot (TS Plot)
As described in the previous subsection, the estimation of the plastic collapse load of a steel element from MNA may require significant calculation effort when the existing graphical techniques are used. With the intention of establishing a graphical technique for more practical estimations of plastic collapse loads from MNA, a new approach, referred to as the Tangent Stiffness Plot (TS Plot), is proposed in this study. The TS Plot considers the change of tangent stiffness of a structural element based on the slope of its load-deformation curve obtained through MNA. Since the loaddeformation curve is expected to be asymptotic to the plastic collapse load, a load corresponding to a specific level of erosion of the initial stiffness may be assumed to provide a suitable estimate of its value.
For the application of the method, the TS Plot of the investigated structural element is constructed, featuring the tangent stiffness reduction factor τ K on the vertical axis and the applied load P on the horizontal axis. The tangent stiffness reduction factors τ K,i are determined by dividing the tangent stiffness for each increment K i (the slope of the load-deformation curve) by the initial elastic stiffness K ini (the initial slope of the load-deformation curve), i.e. τ K,i = K i /K ini . Note that the tangent stiffness K i value for an increment i is determined by dividing the change of the applied load ∆P by the change in the deformation ∆δ at the critical DOF, as given by eq. (1).
The initial elastic stiffness is determined by considering the load P and deformation δ values obtained from the initial increments of the MNA; typically the first two increments can be adopted to give:
In this study, the load value at which the tangent stiffness K i of the structural element (i.e. the slope of the load-deformation curve) drops to 1% of the initial elastic stiffness K ini (i.e. the initial slope) is assumed to be the plastic collapse load, i.e. the load value corresponding to the tangent stiffness reduction factor τ K of 0.01 on the TS Plot is taken as the plastic collapse load. In the following sections, justification of the proposed value for the limit tangent stiffness reduction factor τ K,lim = 0.01 is presented utilising plastic collapse loads for a range of steel elements determined either through closed-formed theoretical solutions or the described MS Plot and CIP techniques. Implementation of the TS Plot is displayed in Fig. 4 , which shows that, unlike the MS Plot or CIP, the proposed TS Plot does not require any projections of plastic collapse loads, but simply requires the extraction of the load value corresponding to τ K,lim = 0.01, thus offering a more practical means of estimating the collapse loads of steel elements. As can be seen from the figure, the [2] ; (b) Southwell plot adapted from [3] P TS 1 [2] ; (b) Southwell plot adapted from [3] P TS 1 TS Plot clearly illustrates the loading ranges where the element is still elastic (i.e. the elastic stage, where τ K = 1.00), experiences significant spread of plasticity (i.e. the primary plastic stage), and finally undergoes a slower rate of spread of plasticity (i.e. the secondary plastic stage); the load value at which plasticity sets in can be clearly observed. The slope of the TS Plot in the primary plastic stage also provides valuable information with respect to the nature of the development of plasticity: (i) a steep slope represents the rapid development of plasticity which is usually encountered in elements undergoing membrane yielding, (ii) a lower slope indicates that the spread of plasticity is more gradual, which is usually encountered in members undergoing plasticity dominated by bending.
The TS Plot technique proposed herein recognises that zero tangent stiffness of an element with the development of an actual mechanism is rarely achieved in MNA; thus, it adopts a limit value for the tangent stiffness relative to the initial elastic stiffness and assumes that the corresponding load is the plastic collapse load of the element. The rarity of the total loss of stiffness in the numerical analyses of structural elements is also observed in other studies, where the adoption of limit values for deformations, which are synonymous with the erosion of stiffness, or directly for tangent stiffnesses have been put forward to determine consistent and safe values of limit loads. For instance, similar to the proposal made in this study, Ziemian et al. [14] and Zhang and Rasmussen [15] assumed that the limit load of a structural steel frame is equal to the load value at which the slope of the load-displacement path drops to 5% of the initial slope. On the other hand, the ultimate bearing resistance of a connection was proposed by Perry [16] to be taken as the applied load corresponding to the deformation value equal to 6.35 mm. For the determination of the ultimate resistance of connections used in tubular steel members, Lu et al. [17] took the collapse load to be the point at which the displacement reached at limit value of 3% of the crosssection depth.
Evaluation of graphical techniques
The graphical techniques described in the previous section and the proposed TS Plot are evaluated for a range of structural steel elements in this section. Initially, a number of structural steel elements having theoretical solutions available for the determination of their plastic collapse loads are considered. Following this, the investigated graphical techniques are applied to a large number of transversally loaded plates, cold-formed beams and hot-rolled beams. In all the considered cases, the benefits and drawbacks of the alternative approaches are illustrated.
Cases with theoretical solutions for plastic collapse loads
A range of structural steel elements whose plastic collapse loads are available through theoretical solutions is investigated herein. These theoretical collapse loads are utilised to assess the accuracy of the alternative graphical approaches. The investigated elements with their closed form expressions for the theoretical plastic collapse loads are provided in Table 1 , where P pl,th is the theoretical collapse loads of the investigated elements, A is the cross-sectional area of the investigated column and M y,pl is the major axis plastic bending moment resistance of the investigated beams. As can be seen from the table, a fully loaded flat plate with an imperfection of δ 0 = 0 (i.e. FLPδ0), fully loaded plates with curved corners having internal radii r i of 5 mm (FLPr5), 10 mm (FLPr10), 20 mm (FLPr20), 40 mm (FLPr40) and 50 mm (FLPr50), a simply-supported column (SSC), a simply-supported beam under a point load at the mid-span (SSB-PL), a clamped beam under a point load at the mid-span (CB-PL), a clamped beam under a uniformly distributed load (CB-UDL) and a shell subjected to ring (S-RL) loading are investigated. The derivation of the theoretical collapse load of a perfect steel plate with curved corners is provided in dos Santos et al. [18] and that of a ring-loaded shell can be found in Sawczuk and Hodge [19] . It is important to note that the theoretical plastic collapse loads determined analytically through the closed form solutions provided in Table 1 require a number of assumptions to be made during their derivation. Therefore, although they cannot necessarily be regarded as the true plastic collapse loads, they can be regarded as reference values suitable for assessing the consistency and accuracy of the alternative graphical approaches; a similar procedure was followed in [4, 5] .
A comparison of the predicted plastic collapse load values determined through the MS Plot, CIP and the proposed TS Plot with different limit tangent stiffness reduction factors τ K,lim with the theoretical values given in Table 1 is provided in Table 2 . The ultimate load values observed at the end of the MNA are also compared. In the table, the predicted loads are normalised by the theoretical collapse loads of the elements, where a value larger than 1.00 is indicative of a plastic collapse load estimation greater than the analytically determined theoretical plastic collapse load by the considered graphical technique. Table 2 shows that both the MS Plot and CIP provide plastic collapse loads close to the theoretical plastic collapse load values. The TS Plot adopting different limit tangent stiffness reduction factors τ K,lim ranging between 0.01 and 0.05 also results in estimations close to the theoretical plastic collapse loads. However, among all the adopted τ K,lim values, τ K,lim = 0.01 leads to the values closest to the analytically determined theoretical plastic collapse loads. Both the CIP and MS Plot require a number of projections for the determination of the plastic collapse loads, whereas the proposed TS Plot leads to values consistently closer to the theoretical plastic collapse loads without the need for any projection but simply requiring the extraction of the load values corresponding to τ K,lim = 0.01. Ultimate load values obtained at the end of MNA are also provided in Table 2 , showing that in the cases where the plasticity is dominated by membrane yielding, the loads achieved at the end of MNA are close to the analytically determined theoretical values. However, for elements experiencing plasticity resulting from extensive localised bending (i.e. SSB-PL, CB-PL, CB-UDL), the ultimate loads achieved at the end of the MNA can be far in excess of the theoretical plastic collapse loads, showing that caution is necessary in the assessment of the estimations obtained from the MNA instead of simply taking the load value at the end of the analyses. It is worth noting that in the MNA of the SSB-PL, CB-PL and CB-UDL cases, excessively high strains were generated, well beyond those compatible with the small strain assumption of the MNA, leading to stretching of the shell finite elements and an increase in the size of the cross-section; this resulted in spurious load values significantly higher than the theoretical plastic collapse loads.
Observing the increased proximity of the plastic collapse load estimations to the theoretical loads with the adoption of lower values for τ K,lim , a limit value for the tangent stiffness reduction factor even smaller than 0.01 could be considered. This is investigated in Fig. 5 , where the mean, maximum and minimum values of the ratios of the plastic collapse loads estimated by the TS Plot to those determined from the theoretical formulae are provided for different limit values of the tangent stiffness reduction factor τ K,lim . As can be seen from Fig. 5 , for τ K,lim values smaller than 0.01, the TS Plot starts to provide estimations greater than the theoretical plastic collapse loads of steel elements with increasing plastic collapse load estimations for lower values of τ K,lim . It is 
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Geometric properties: tw = tf = 4 mm, h = 70 mm, b = 50 mm, fy = 400 MPa, L = 1000 mm.
therefore concluded that the adoption of τ K,lim = 0.01 as the limit stiffness reduction factor in the TS Plots is most suitable, resulting in the load estimations closest to the analytically determined theoretical values and without any load estimation significantly higher than the theoretical values. 
Comparison of graphical solutions
With the exception of a few cases having simple geometry and boundary conditions, theoretical plastic collapse loads are not available for the great majority of structural steel elements. Thus, numerical solutions through MNA are typically sought. In this subsection, MNA of a large number of structural steel elements under transverse loading are carried out. The plastic collapse loads of these elements determined through the MS Plot, CIP and TS Plot are compared.
Imperfect flat plate subjected to transverse loading
Prior to the analysis of a large number of steel elements, different graphical techniques used to estimate plastic collapse loads from MNA are investigated for the previously presented imperfect flat plate shown in Fig. 1 , considering a loaded length of s s = 400 mm. In Fig. 6 (a) Based on this observation, it suffices to state that the Southwell Plot may not be classified as a consistent technique for the determination of the plastic collapse loads of steel elements from MNA, and hence will not be further investigated in the remaining part of this paper. The MS Plot of the plate is also constructed in Fig. 7 . As can be seen from the figure, the loaddeformation curve of the plate shown in Fig. 7 (a) is transformed into a path composed of largely linear segments in the MS Plot shown in Fig. 7 (b) , featuring a prominent plateau signifying the rapid development of extensive plasticity fields with the significant loss of stiffness. Following the plateau, the MS Plot exhibits a nearly vertical path, which results from the very slowly decreasing slope of the load-displacement curve after the occurrence of extensive plasticity. Since the lowest projection of the plastic collapse load obtained using three data points within the plateau is assumed as the plastic collapse load of an element, which is equal to 671.32 kN, the second vertical path is not of use in the MS Plot, illustrating that the MS Plot assumes that the plastic collapse load is achieved once a significant loss of stiffness occurs in line with the TS Plot. Fig. 7 (a) shows the unrealistic levels of deformation that can be achieved through MNA, even exceeding the deformation required to cause overlapping of the plates, and the corresponding unrealistic load values Last three data points before PMS,i>PMS,i-1 y=668.85+152.68x Data points after (P/COV ≥10% and before PMS,i>PMS,i-1 Data points after (P/COV ≥10% y=629.18+3882.49x Figure 8 : Determination of the plastic collapse load of an imperfect flat plate through the CIP approaches were adopted: (i) taking the intercept of the regression line generated using the last three data points before the increment at which the plastic collapse projection obtained from the MS Plot P MS ,i becomes greater than that of the preceding increment P MS ,i−1 or (ii) taking the intercept of the regression line generated employing all the data points after the COV of the P − δ data within the MS Plot becomes larger than 10% (P − δ) COV ≥ 10 and before the plastic collapse load projection from the MS Plot becomes larger than that of the preceding increment. As can be seen from Fig. 8 , both approaches lead to virtually the same estimations of the plastic collapse loads equal to 666.90 kN and 668.85 kN respectively, which are also very close to that obtained through the MS Plot. Note that in [5] and [13] , the plastic collapse load projections from the MS Plot always exhibited a decreasing trend. Thus, unless otherwise stated, the former approach utilising the last three data points before P MS ,i > P MS ,i−1 to generate regression lines is adopted in this study owing to its observed higher accuracy relative to the latter approach. In accordance with the MS Plot, the CIP also has a second path with increasing ω and P MS values. Using all the data points after (P − δ) COV ≥ 10 including the second path, the plastic collapse load was incorrectly estimated as 629.18 kN, illustrating the necessity for the consideration of only the decreasing P MS data within the CIP.
The TS Plot of the investigated plate is shown in Fig. 9 , where it is seen that the plate is elastic up to the applied load P value of 320 kN, and then experiences the spread of plasticity and thus loss of stiffness. The primary plastic stage occurs between P values of 320 kN and 660 kN, followed by the secondary plastic stage whose path is almost a horizontal line signifying the development of extensive plasticity fields with unrealistic deformations. It is very difficult to distinguish the loading range where the investigated element experiences the rapid spread of plasticity from the load-deformation curve shown in Fig. 7 (a) , whereas it may be very clearly observed in the TS Plot. The TS Plot estimates the plastic collapse load of the plate as P T S = 660.63 kN, which is very close to (with 1-2%) the values predicted by the MS Plot and CIP. 
Steel plates, cold-formed C sections and hot-rolled I-sections under transverse loading
In this subsection, the MS Plot, CIP and the proposed TS Plot are applied to a large number of structural steel elements subjected to transverse loading. The considered elements are steel plates, cold-formed C sections and hot-rolled I-sections with different loading conditions and geometries.
Steel plates.
The geometrical properties, and loading and boundary conditions of the considered plates are provided in Table 3 , where N is the number of plates in each category. As can be seen from the table, fully loaded flat plates (FLP)
The comparison of the plastic collapse load estimations obtained from the TS Plot P T S against those estimated through the MS Plot P MS and CIP P CIP is illustrated in Fig. 10 for all the considered plates, where r p,av , r p,COV , r p,max and r p,min are the average, coefficient of variation, maximum and minimum of the ratios of the plastic collapse load estimations made by the TS Plot to those made by MS Plot and CIP respectively. In Fig. 10 , PLPCr5 and PLPCr20 stand for partially loaded plates with curved corners having corner radii of 5 mm and 20 mm respectively, whereas FLPCcr5-20 indicates fully loaded plates with corner radii ranging between 5 mm and 50 mm. As can be seen from the figure, the TS Plot leads to results very similar to those obtained through the MS Plot and CIP with r p,av values very close to 1.00 and very small r p,COV values, illustrating that the proposed approach provides plastic collapse load estimations for plates that are consistent with those obtained through the MS Plot and CIP. The accuracy of the proposed TS Plot was also investigated against the MS Plot and CIP for cold-formed unlipped channels taken from Young and Hancock [20] , on which a series of physical experiments were performed to investigate their web-crippling strengths. The properties of the investigated cold-formed sections are provided in Table 4 , where U and UR are the displacement and rotation degree-of-freedom respectively. The same labelling system as used by [20] is adopted herein, with IOF and EOF standing for interior-and end-one-flange loading, and ITF and ETF standing for interior-and end-two-flange-loading, respectively. An interesting discussion of plastic collapse loads for different collapse mechanisms under IOF and EOF loading conditions and their influence on the design rules is provided in [21] . The specimens considered in this paper are provided in Table 5 , where the first three letters indicate the type of loading, the following number indicates the depth of the section, and the following letter N and number indicate the loaded length s s . The exact properties of the each specimen, reported by [20] , are included in the finite element models created in this study, which are shown in Fig. 11 . For the application of the loads, bearing blocks modelled using eight-node linear hexahedral solid elements C3D8 were utilised. The loading P was applied to the bearing blocks. To enable the transfer of the loading to the coldformed sections, surface-to-surface contact with a friction coefficient of 0.4 and a contact stiffness of 4000 N / mm per unit area were employed between the faces of the bearing blocks and the flanges and corners of the cold-formed sections. Nonlinearities arising in structural steel elements can be categorised into three groups: (i) material nonlinearities, (ii) geometric nonlinearities and (iii) boundary nonlinearities whose common source is contact problems. Abaqus [8] enables the consideration of surface-to-surface contact (i.e. boundary nonlinearities) in geometrically linear, materially nonlinear analyses (MNA) through a finite-sliding tracking approach where the load transfer paths between the surfaces and the contact direction are updated at each increment; this approach is adopted in the MNA performed herein where the loads are applied through bearing blocks.
The load-displacement path obtained through the MNA of specimen IOF100N50 is illustrated in Fig. 12 (a) , where δ v is the vertical displacement of the bearing plate. Fig. 12 (a) shows that the load-displacement path of the cold-formed section is different than those obtained for the plates since it exhibits a series of kinks indicating the development of consecutive plasticity fields. The MS Plot of the specimen is illustrated in Fig. 12 (b) , showing that its initial path is not vertical during the initial loading stage, which is ascribed to the transfer of the applied load through the contact. Following the initial loading stage, the MS Plot exhibits its first plateau with a decreasing slope, signifying the development of an extensive plasticity field. After the first plateau, the slope of the MS Plot increases and then decreases, exhibiting a second plateau indicating the development of a second region of extensive plasticity. The same trend following the first plateau is also observed after the second plateau, leading to the third plateau at the very end of the loading. The lowest projection of the plastic collapse load is equal to 103.11 kN, taken as the intercept of the regression line created through three data points within the first plateau. Although MS Plots of this nature were not explicitly examined in [5] , based on the fact that this value arises from the lowest projection, 103.11 kN should be taken as the plastic collapse load. However, since there exists significant remaining stiffness in the model, it may be argued that the projection obtained through the final plateau equal to 149.65 kN should be assumed as the plastic collapse load. It may also be argued that the third plateau appears after very large deformations after some increase of the slope of the load-displacement path, thus the plastic collapse load should be taken as the projection obtained with reference to the second plateau, from which a value of 122.61 kN is determined. All 
Label
Properties of C-section N Considered parameters
IOF
At the load application point, U1 = 0, U2 = -1, U3 = 0.
For C-EOF, the displacement is applied in the top block but the reaction force is obtained in the bottom block of one of the supports (region where the failure occurs).
At the load application point, U1 = 0, U2 = -1, U3 = 0, UR1 = 0, UR2 = 0, UR3 = 0.
At the load application point, U1 = 0, U2 = -1, U3 = 0, UR1 = 0, UR2 = 0, UR3 = 0. For C-EOF, the displacement is applied in the top block but the reaction force is obtained in the bottom block of one of the supports (region where the failure occurs).
At the load application point, U1 = 0, U2 = -1, U3 = 0, UR1 = 0, UR2 = 0, UR3 = 0. The above example illustrates a shortcoming in the application of the MS Plot to structural elements that exhibit kinks in their load-deformation responses. Moreover, the determination of the plastic collapse load following the first plateau requires an element of visual judgement of the MS Plot by the analyst, which impairs the practicality of the method if a parametric study is performed on a large number of cases. Since the CIP is based on the MS Plot, three different plastic collapse load estimations may Specimen   IOF  IOF75N20, IOF75N40, IOF80N40, IOF100N25, IOF100N50,  IOF125N65, IOF200N75, IOF250N90  EOF  EOF125N32, EOF200N37, EOF250N45  ITF  ITF80N40, ITF100N50, ITF125N32  ETF also be determined through it using the last three data points obtained from the first, second and third plateaus of the MS Plot as illustrated in Fig. 12 (c) . The plastic collapse load estimation from the first plateau is very conservative (equal to 76.44 kN). The plastic collapse load estimations using the last three data points within the second and third plateau are much closer to the plastic collapse loads determined through the MS Plot, both of which may be assumed as the plastic collapse loads. Nevertheless, it is clear from Fig. 12 (c) that the CIP does not exhibit consistent trends for ω and P MS values, and may also have shortcomings when applied to the estimation of plastic collapse loads of steel elements exhibiting load-deformation paths involving kinks. In contrast with the MS Plot and CIP, the TS Plot leads to a very straightforward and clear estimation of the plastic collapse load of specimen IOF100N50, as can be seen from Fig. 12 (d) . The load value corresponding to the limit tangent stiffness reduction factor of 0.01 τ K,lim = 0.01 is simply assumed as the plastic collapse load of the steel element, which is equal to 116.68 kN and close to those obtained through the data points within the second plateaus of the MS Plot and CIP. Since the loading is transferred through the contact between the bearing plate and section, the tangent stiffness of the element shows variations in the initial stages of the loading. Nevertheless, taking the initial stiffness as the tangent stiffness determined through the loads and displacements from the first two data points (K ini = (P 2 − P 1 )/(δ 2 − δ 1 ) or assuming K ini as the largest tangent stiffness along the load-deformation curve K i,max both lead to almost the same estimate of the plastic collapse loads as shown in Fig. 12 (d) .
The comparison of the plastic collapse load predictions of the specimens determined through the TS Plot against those obtained from the MS Plot and CIP is provided in Fig. 13 . Note that the 
Hot-rolled I-sections.
The plastic collapse loads of hot-rolled I-sections estimated through the TS Plot are also compared against those obtained through the MS Plot and CIP for different types of transverse loading. The key parameters and the loading and boundary conditions of the investigated I-sections are illustrated in Table 6 . Note that all the I-IOF specimens have a flange width b = 161 mm and web and flange thickneses t w = 6.18 mm and t w = 8.79 mm respectively. The loading was applied to the hot-rolled sections through bearing blocks, and the same labelling approach was adopted as in Section 5.2.2.2 but using I-at the front to distinguish the I-sections from the cold-formed C-sections. Finite element models of the investigated I-sections are illustrated in Fig. 14. The application of the TS Plot, MS Plot and CIP to an I-section subjected to interior two flange loading with the cross-section depth h of 102 mm and loaded length s s of 40 mm (i.e. I-ITFh102N40) is illustrated in Fig. 15 . The MS Plot of the I-section is shown in Fig. 15 (b) , illustrating that its minimum plastic collapse projection, which is the intercept of the regression line created using the three red data points, is equal to 115.29 kN. After this minimum projection, the plastic collapse projections increase and then starts to decrease, providing another minimum value of 117.33 kN, which is determined through the three green data points as illustrated in Fig.  15 (b) , before the projections start to increase again. Both values are very close, thus either of them can be assumed as the plastic collapse load according to the MS Plot. The CIP created using the MS Plot projections is illustrated in Fig. 15 (c) . As can be seen from the figure, the use of the three data points before P MS values start to exhibit an increasing trend in the CIP, leads to a significant The plastic collapse loads estimated through the TS Plot were compared against those of the MS Plot and CIP for all the considered loading conditions, geometries and parameters in Fig. 16 . The minimum projections of plastic collapse loads from the MS Plot and the three data points corresponding to the last observed decrease in the MS Plot projections P MS were used for the plastic collapse load estimations in the CIP. Fig. 16 shows that the TS Plot provides estimations of plastic collapse loads that are consistent with those determined through the MS Plot and CIP, indicating the reliability of the plastic collapse load estimations made by the TS Plot.
Extrapolation of plastic collapse loads from MNA
In the previous section, the MNA of all the analysed elements exhibited significant loss of stiffness, such that the tangent stiffnesses calculated at the end of the MNA were less than 1% of the initial stiffnesses, which enabled the application of the TS Plot. However, in some cases, the tangent stiffness of elements may not degrade below 1% of the initial stiffness values as a result of the MNA terminating before reaching this value due to either their failure to satisfy the necessary convergence criteria or exhaustion of the number of requested increments. Thus, the load values obtained at the end of MNA may be significantly lower than the plastic collapse loads of the steel elements, which precludes the application of the proposed approach. Hence, an extrapolation technique that may be used in conjunction with the TS Plot is developed herein, showing that accurate estimations of plastic collapse loads can be achieved even if MNA stops at a relatively early stage of the analysis. The accuracy of the proposed approach is also compared against the extrapolations of the plastic collapse loads made through the MS Plot and CIP.
Extrapolation of the plastic collapse loads through the TS Plot
Since the load-deformation curves of the steel elements from MNA typically exhibit curves with progressively decreasing slopes, the Ramberg-Osgood expression, originally developed for materials exhibiting rounded stress-strain curves, as given by eq. (3), may be utilised:
where σ and are stress and strain respectively, E is the Young's modulus of the material, σ α is the proof stress of the material corresponding to the strain value of α = σ α /E + α and n is the strain hardening exponent defining the roundedness of the curve; the lower the n value, the more rounded the curve. As shown in Fig. 17 , comparing a stress-strain curve of a material and a load-deformation curve obtained from MNA, an analogy can be made by assuming σ to be analogous to the applied load P, to the deformation δ, E to the initial stiffness of the element K ini , σ α to the load value obtained at the end of MNA P MNA , α to the displacement value obtained at the end of MNA δ MNA and n to d, which is a parameter defining the roundedness of the loaddisplacement curve. Figure 17 : Analogy between the Ramberg-Osgood curve and a load-displacement paths obtained from MNA yielding was experienced. which would be expected in bending dominated scenarios. On the basis of the described analogy, the load-displacement path obtained from the MNA can be expressed as follows:
Considering the transformation of α to c, c can be determined as follows:
In this study, the tangent stiffness value at the last increment of the MNA K f inal = dP/dδ(P MNA ) was utilised to estimate the value of d and thus the roundedness of the remaining part of the load-displacement curve. The inverse of the tangent stiffness value at the last increment can be expressed as follows:
Taking the derivative of eq. (4) with respect to P and using the value of this derivative at P = P MNA :
Substituting eq. (6) into eq. (7):
Thus,
Lower d values are obtained when the tangent stiffness observed in the final increment of MNA K f inal remains high, indicating that the plastic collapse load of the analysed element is significantly higher than the load obtained at the end of MNA. In cases where the MNA stops at the very early stages of plasticity, d values determined from eq. (9) could be very low, leading to considerable overpredictions of plastic collapse loads. To eliminate this possibility, a lower bound value equal 10 was adopted for d in this study, i.e. d ≥ 10.
The developed Ramberg-Osgood expression of the load-displacement curve utilising the data obtained prior to the termination of the MNA enables an informed prediction of the remainder part of the curve to be made. Using eq. (4), eq. (5) and eq. (9), the full load-deformation curves of structural steel elements can be predicted, whereby the TS Plots of the investigated elements can be constructed and the plastic collapse load estimations corresponding to the limit tangent stiffness value of τ K,lim = 0.01 can be extrapolated. It is worth noting that the plastic collapse load extrapolations P T S ,ext can also be directly obtained using the following formula after the determination of c, d and K ini :
In the following subsection, the proposed extrapolation technique is assessed against the MS Plot and CIP considering a large number of structural elements under transverse loading.
6.2. Application of the Ramberg-Osgood extrapolation based TS Plot technique to steel elements under transverse loading 6.2.1. Hot-rolled I-section subjected to internal-two-flange (ITF) loading
In this subsection, the TS Plot technique is utilised to predict plastic collapse loads based on extrapolated (using the R-O expression of eq. (4)) load-deformation curves. The previously investigated hot-rolled I-section ITFh102N40 subjected to internal two-flange loading shown in Fig. 15 with a loaded length of s s = 40 mm is used to illustrate the application of the proposed approach. The conducted MNA were intentionally terminated prematurely, at three different ratios of tangent stiffness to the initial stiffness of the section, to simulate cases where the MNA stops at different stages of the loading history. Predictions of plastic collapse loads were also made through the MS Plot and CIP so as to compare the accuracy of the R-O based TS Plot technique against these approaches.
The prediction of the plastic collapse load through the Ramberg-Osgood (R-O) extrapolation based TS Plot technique is compared against those obtained through the MS Plot and CIP in Fig.  18 , Fig. 19 and Fig. 20 for the cases where the MNA aborts at a final tangent stiffness value τ K, f equal to 84%, 30% and 4% of the initial stiffness respectively. The extrapolated values of the plastic collapse loads through the TS Plot P T S , the MS Plot P MS and CIP P CIP are also provided in Table 7 . In the table, the ratios of the extrapolated plastic collapse load values to those determined using the full load-deformation curves by the TS Plot r e,T S , MS Plot r e,MS and CIP r e,CIP are also provided. Table 7 shows that all the methods provide increased accuracy when the MNA is stopped Table 7 : Comparison of the plastic collapse loads extrapolated through the Ramberg-Osgood curve based TS Plot technique against those of the MS Plot and CIP using MNA aborted at different values of tangent stiffness reduction factor values τ K, f for a hot-rolled I-section with a loaded length s s = 40 mm (d) CIP Figure 18 : Comparison of the extrapolations of plastic collapse loads when the MNA stops at a load value where the tangent is stiffness is equal to 84% of initial stiffness plastic collapse loads in comparison to the MS Plot and CIP techniques for the investigated hotrolled I-section.
Steel plates, hot-rolled I-sections and cold-formed C sections under transverse loading
In this subsection, the accuracy of the proposed R-O extrapolation based TS Plot technique is assessed for a large number of steel plates, cold-formed C sections, and hot-rolled I-sections under transverse loading. The MNA were stopped at different stages of the analyses with the elements possessing different final stiffness values τ K, f , corresponding to different extents of plastification. The considered plates, cold-formed C-sections and hot-rolled I-sections were the same as those considered in the previous section, whose properties are provided in Table 3, Table 4 and Table  6 respectively. Additionally, the cases with the theoretical solutions of the plastic collapse loads shown in Table 1 with the exception of fully loaded perfect plate were also taken into consideration.
The accuracy of the plastic collapse load extrapolations of the R-O curve based TS Plot technique made by the load-deformation curves obtained from the MNA aborted at different values (d) CIP Figure 19 : Comparison of the extrapolations of plastic collapse loads when the MNA stops at a load value where the tangent is stiffness is equal to 30% of initial stiffness of tangent stiffness ratios τ K, f is illustrated in Table 8 for all the considered plates, cold-formed C sections and hot-rolled I-sections. In the table, (r e ) av , (r e ) COV , (r e ) max and (r e ) min are the average, coefficient of variation, maximum and minimum of the ratios of the plastic collapse loads extrapolated using the load-deformation curves from the prematurely aborted MNA through the R-O (d) CIP Figure 20 : Comparison of the extrapolations of plastic collapse loads when the MNA stops at a load value where the tangent is stiffness is equal to 4% of initial stiffness extrapolation curve based TS Plot technique to those estimated using the full load-deformation curves through the TS Plot respectively. N corresponds to the number of the considered cases. Table 8 shows that the proposed R-O extrapolation based TS Plot technique provides accurate predictions of the plastic collapse loads for the wide range of considered cases. Its accuracy decreases when the MNA stops at the early stages of the analyses but the approach generally provides safe predictions even for these cases. It should be noted that the cases where the MNA of steel elements stop at the later stages of the loading histories are much more common in comparison to the early stages as the development of extensive plasticity fields leads to problems with respect to the satisfaction of the necessary convergence criteria. Table 8 therefore indicates that the proposed R-O extrapolation based TS Plot approach is very accurate in the situations where the extrapolation techniques are most likely to be used. The accuracy of the plastic collapse loads extrapolated through the CIP and MS Plot using the load-deformation curves obtained from MNA aborted at different tangent stiffness ratios τ K, f is assessed in Table 9 and Table 10 respectively. In the tables, (r e ) av , (r e ) COV , (r e ) max and (r e ) min are the average, coefficient of variation, maximum and minimum of the ratios of plastic collapse load extrapolations made by the CIP and MS Plot to those estimated through the TS Plot using the full curves from the MNA. The accuracy of the CIP and MS Plot with respect to the extrapolation of the plastic collapse loads was assessed using the plastic collapse load estimations obtained from the TS Plot since it was observed in the previous sections that the TS Plot invariably provides accurate estimations of plastic collapse loads in a very straightforward way. As can be seen from Table 9 and Table 10 , the plastic collapse load extrapolations made by the CIP and MS Plot are less accurate relative to those made by the R-O extrapolation curve based TS Plot technique. In the case of the MS Plot, large overestimations of plastic collapse loads are observed.
Conclusions
Alternative graphical techniques that may be used for the determination of plastic collapse loads from Materially Nonlinear Analyses (MNA) with emphasis on structural steel elements under concentrated transverse forces were investigated in this paper. Initially, ambiguities with regard to the estimations of consistent plastic collapse loads directly from the load-deformation curves of MNA were highlighted. Then three different graphical techniques from the literature, referred to as the Southwell Plot, Modified Southwell Plot (i.e. MS Plot) and Convergence Indicator Plot (CIP), used for the determination of plastic collapse loads of steel elements from MNA are described. A new graphical technique, based on the tangent stiffness degradation and referred to as the Tangent Stiffness (TS) Plot, was developed. According to the developed approach, the plastic collapse load of the analysed element is equal to the load value at which the tangent stifness of the analysed element becomes 1% of its initial elastic stiffness. The practicality and accuracy of the proposed TS Plot relative to the MS Plot and CIP are illustrated for a large number of plates, cold-formed C-sections and hot-rolled I-sections subjected to transverse loading. It was observed that the visual judgement of the analyst is necessary when the load-deformation paths involve several kinks in the determination of plastic collapse loads through the MS Plot and CIP, which impairs the practicality of these methods if a large number of elements are analysed as a part of a parametric study. In contrast with the MS Plot and CIP, the proposed TS Plot technique always provided consistent estimations of plastic collapse loads in a straightforward manner.
In some cases, the MNA of steel elements may be aborted at relatively early stages of the loading, requiring the extrapolation of plastic collapse loads from the load-deformation curves obtained through the prematurely terminated MNA. For the practical extrapolation of plastic collapse loads of steel elements, a new approach referred to as the Ramberg-Osgood extrapolation curve based TS Plot technique is developed in this study. The proposed technique recognises the analogy between the stress-strain curves of materials exhibiting a rounded nonlinear response and the load-deformation curves obtained from the MNA of structural steel elements. Hence a modified R-O expression is employed to extrapolate the partial load-deformation curve to a full curve, from which the TS Plot of the element is created, and the load value corresponding to the tangent stiffness reduction factor of 0.01 is taken as the plastic collapse load. The accuracy of the proposed R-O extrapolation curve based TS Plot technique was assessed for a large number of steel elements under transverse loading considering MNA terminated at the tangent stiffness reduction factors ranging between 5% and 50%. It was observed that the proposed extrapolation approach provides safe and accurate predictions of the assumed plastic collapse loads. The improved accuracy of the proposed R-O extrapolation based TS Plot technique relative to the MS Plot and CIP was also illustrated.
The significant advantage of the proposed TS Plot technique is its ability to provide safe and accurate estimations of plastic collapse loads in a very straightforward manner. Consistent estimations of plastic collapse loads through the TS Plot were observed in the full range of considered cases in this study, which is of vital importance for the accurate determination of the failure loads of steel elements using design methods from steel design codes such as the European structural steel design code EN 1993. The developed method can be used to derive plastic collapse reference loads, which can be employed in conjunction with reference loads determined through LBA, to calculate the slenderness and hence the resistance of structural elements. The strength curves to describe the relationship between resistance and slenderness can be calibrated against GMNIA results.
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